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Abstract. The observer-dependent tidal effects associated with the electric
and magnetic parts of the Riemann tensor with respect to an arbitrary family
of observers are discussed in a general spacetime in terms of certain “tidal
indicators.” The features of such indicators are then explored by specializing
our considerations to the family of stationary circularly rotating observers in the
equatorial plane of the Kerr spacetime. There exist a number of observer families
which are special for several reasons and for each of them such indicators are
evaluated. The transformation laws of tidal indicators when passing from one
observer to another are also discussed, clarifying the interplay among them. Our
analysis shows that no equatorial plane circularly rotating observer in the Kerr
spacetime can ever measure a vanishing tidal electric indicator, whereas the family
of Carter’s observers measures zero tidal magnetic indicator.
PACS number: 04.20.Cv
1. Introduction
Tidal effects are commonly associated with spacetime curvature properties. In
particular, when the spacetime is that of a black hole, such effects result in deforming
and even tidally disrupting astrophysical objects, like ordinary stars but also compact
objects like neutron stars. It is also widely believed that such tidal disruption events
happen very frequently in the Universe, leading then to a possible detection of the
associated emission of gravitational waves in the near future by ground-based detectors
such as LIGO or VIRGO and their advanced versions [1]. Motivated by this interesting
perspective, there has been in the recent literature a big effort to study tidal effects
in many contexts, especially the merging of compact object binaries. In fact, the
presence of tidal interactions during the inspiral phase of neutron star-neutron star
(NSNS) and black hole-neutron star (BHNS) binaries affects both the dynamics of the
inspiral and the emitted waveform. The techniques adopted range from Newtonian
gravity to full general relativity, passing through Post-Newtonian approaches and
numerical relativity simulations [2, 3, 4, 5, 6].
NSNS and BHNS binary mergers can be accurately modeled only by numerical
simulations in full general relativity, solving the coupled Einstein-hydrodynamics
equations. However, there is a variety of analytical and semi-analytical approaches
which allow to properly describe at least part of the coalescence process and to study
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the associated gravitational wave signals. Flanagan and Hinderer [7, 8] adopted a
post-Newtonian based description of the binary dynamics to study the influence of
tidal effects in inspiralling BHNS systems. Within the Newtonian theory of tidal
Love numbers [9] they estimated the tidal responses of a neutron star to the external
tidal solicitation of its companion, potentially measurable in gravitational wave signals
from inspiralling binary neutron stars by Earth-based detectors. The corresponding
relativistic theory of Love numbers has been developed by Binnington and Poisson
[10]. An improvement of the analysis done in Ref. [7], whose validity was limited only
to the early (lower-frequency) portion of the gravitational wave inspiral signal, was
presented by Damour and Nagar [11], who used an extension of the so called “effective
one body approach” to describe with sufficient accuracy the binary dynamics including
tidal effects and covering the whole frequency range of the gravitational wave signal.
According to the standard theory of tides, the motion of an extended body in a
given gravitational field is studied under the assumption that it causes only a small
perturbation on the background, so that the emission of gravitational radiation are
properly discussed in the framework of first order perturbation theory (see, e.g., Ref.
[12]). Obviously the explicit expression of the tidal forces depends on the nature of the
body under consideration, i.e., on the particular form of the energy-momentum tensor
describing it. For instance, one can assume a perfect fluid. In general the energy
momentum tensor can be determined by the complete set of its multipole moments
with respect to a world line representing the motion of the body, according to Dixon’s
model [13, 14, 15, 16, 17].
Relativistic tidal problems have been extensively studied in the so-called tidal
approximation, i.e., by assuming that the mass of the star is much smaller than the
black hole mass and that the stellar radius is smaller than the orbital radius, thus
neglecting backreaction effects. In this approximation, the center of mass of the star
is assumed to move around the black hole along a timelike geodesic path and the
tidal field due to the black hole is computed from the Riemann tensor in terms of
the geodesic deviation equation. The internal stresses are usually accounted under
the approximation that the classical laws of motion hold for the different points of
the body relative to the center of mass, when the external tidal forces are neglected.
Therefore, the body is usually described as a self-gravitating Newtonian fluid where
the gravitational potential associated with the tidal potential is linearly superposed
to the internal forces. Such a framework has been widely used to study the tidal
disruption limit of ordinary stars and compact objects [18, 19, 20, 21, 22, 23, 24, 25].
If the dimensions of the body are assumed to be much smaller than the
characteristic length scale associated with the background field, the motion of the
extended body can be also described by the Mathisson-Papapetrou-Dixon equations
[26, 27, 13]. According to these, when the structure of the body is given by its spin only
the deviation from geodesic motion is due to the magnetic part of the Riemann tensor
[28, 29, 30]. Alternatively, the extended body can be represented by a collection of
pointlike particles each following a timelike path. The separation between a reference
world line within the congruence (say that of a “fiducial observer”) and a generic one is
represented by a connecting vector, whose components with respect to an orthonormal
frame adapted to the observer satisfy a second order deviation equation [31]. In the
case of a geodesic congruence one can set up a parallel transported frame so that
the geodesic deviation equation takes a form reminiscent of a Newtonian equation
[32], where tidal forces are due to a Newtonian quadrupole field. The electric part of
the Riemann tensor represents the only direct curvature contribution to the geodesic
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deviation equation (as well as the deviation equation for general non-geodesic motion),
introducing shearing forces. Such an approach has been used to study tidal dynamics
of relativistic flows in the Kerr spacetime for different choices of the reference world
line [33, 34, 35, 36].
The aim of the present paper is to study the role of the observer in relativistic
tidal problems and to provide all necessary tools to relate the measurement of tidal
effects by different families of observers. In fact, if tidal forces are due to curvature,
the latter is experienced by observers, i.e., test particles or extended bodies (hereafter
simply “observers”), through the electric and magnetic parts of the Riemann tensor.
The Riemann tensor is indeed the true 4-dimensional invariant quantity, whereas the
various parts mentioned above depend on the choice of the observers who perform the
measurement. We will start by examining in detail all these definitions and notions,
including the corresponding transformation laws arising when changing the observer
in full generality. We will consider then two “tidal indicators” defined as the trace
of the square of the electric and magnetic and mixed parts of the Riemann tensor,
respectively. They are both curvature and observer dependent and we will explore
how they change when the observer also changes.
To be more explicit and to relate our work to other existing studies, we discuss the
case of a Kerr spacetime and the family of circularly rotating (accelerated) observers
in the equatorial plane. There exists a whole collection of geometrically special
circular orbits [37, 38, 39, 40] in the equatorial plane of the Kerr spacetime which
arise in the discussion of some geometrical and physical features (i.e., transport laws
for vectors, geodesics and accelerated orbits, clock effects, circular holonomy, etc.).
They have been classified in Ref. [41] with respect to their geometrical meaning as
follows: extrinsically special orbits, in the sense that their specialness comes from the
background geometry; intrinsically special orbits, in the sense that their specialness
comes from the intrinsic Frenet-Serret properties of the curve itself; relatively special
orbits, in the sense that their specialness is with respect to other curves. We will
investigate the properties of tidal indicators as associated with each special family of
observers mentioned above, so providing a complete analysis of tidal forces. Previous
works limited their considerations only to geodesic observers, thus giving only a partial
insight into the tidal problem. Relative-observer tidal indicators should play instead
a more central role. Furthermore, special observers can be identified as suitable to
study relativistic tidal dynamics.
Hereafter latin indices run from 1 to 3 whereas greek indices run from 0 to 3 and
geometrical units are assumed. The metric signature is chosen as +2.
2. Electric and magnetic parts of the Weyl tensor
The electric and magnetic parts of the Weyl tensor Cαβγδ with respect to a generic
timelike congruence with unit tangent vector u are defined as [42]
E(u)αβ = Cαµβνu
µuν , H(u)αβ = −C∗αµβνuµuν . (2.1)
These spatial fields are both symmetric and tracefree. We recall that in a vacuum
spacetime, which is the case we will consider below for applications, the Weyl and
Riemann tensors coincide.
Let U be another unit timelike vector field representing a different family of
observers related to u by a boost, i.e.,
U = γ(U, u)[u+ ν(U, u)] , γ(U, u) = 1/
√
1− ||ν(U, u)||2 . (2.2)
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Both observers can be used to split the Weyl tensor in terms of associated electric and
magnetic parts, so that a decomposition analogous to Eq. (2.1) holds also for U , i.e.,
E(U)αβ = CαµβνU
µUν , H(U)αβ = −C∗αµβνUµUν . (2.3)
Using (2.2) we then have
E(U)αβ = γ(U, u)
2Cαµβν [u
µ + ν(U, u)µ][uν + ν(U, u)ν ] , (2.4)
that is, introducing the notation γ(U, u) = γ and ν(U, u) = ν,
E(U)αβ = γ
2[E(u)αβ + Cαµβνu
µνν + Cαµβνν
µuν + Cαµβνν
µνν ] . (2.5)
These relations can be better represented in the frame language. Let {eα} denote an
adapted frame to u, namely u = e0 and the spatial triad {ea} spans the local rest space
of u. The frame components of E(U) are given by (see also Ref. [43] and references
therein for a recent review on this and related topics)
E(U)ab = γ
2[E(u)ab + Ca0bcν
c + Cacb0ν
c + Cacbdν
cνd]
= γ2[E(u)ab +H(u)afη(u)
f
bcν
c +H(u)bfη(u)
f
acν
c
− E(u)fgη(u)f acη(u)gbdνcνd] ,
E(U)00 = γ
2[C0b0cν
bνc] = γ2[E(u)bcν
bνc] ,
E(U)0b = γ
2[C0cb0ν
c + C0cbdν
cνd] = γ2[−E(u)cbνc −H(u)cfη(u)f bdνcνd] , (2.6)
where the spatial unit-volume 3-form has been introduced, i.e.,
η(u)αβγ = u
µηµαβγ , η(u)abc = η0abc. (2.7)
Relations (2.6) are still rather involved to be of practical use. A first progress is
obtained by introducing the magnitude and the spatial dual (i.e., a ∗(u)-operation
defined with η(u)abc) of the velocity vector, that is
νc = ν νˆc , ν Vˆ ab = ν η(u)abcνˆ
c ≡ ν[∗(u)νˆ]ab , (2.8)
with Vˆ ab = −Vˆ ba. We find
E(U)ab = γ
2
[
E(u)ab + ν[H(u)Vˆ ]ab − ν[Vˆ H(u)]ab + ν2[Vˆ E(u)Vˆ ]ab
]
,
E(U)00 = γ
2ν2[E(u)bcνˆ
bνˆc] ,
E(U)0b = − γ2ννˆc
[
E(u)cb + ν[H(u)Vˆ ]cb
]
. (2.9)
Analogous expressions hold for H(U) (simply obtained by the replacements
E(U) → H(U) and H(U) → −E(U), because of the duality property ∗C∗ = −C
of the Weyl tensor).
3. Circular equatorial orbits in the Kerr spacetime
In standard Boyer-Lindquist coordinates the Kerr metric writes as
ds2 = −
(
1− 2Mr
Σ
)
dt2 − 4aMr
Σ
sin2 θdtdφ+
Σ
∆
dr2 +Σdθ2 +
Λ
Σ
sin2 θdφ2 , (3.1)
where ∆ = r2 − 2Mr + a2, Σ = r2 + a2 cos2 θ and Λ = (r2 + a2)2 − ∆a2 sin2 θ.
Here a and M are the specific angular momentum and total mass characterizing the
spacetime. The event horizons are located at r± =M ±
√
M2 − a2.
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Introduce the zero angular momentum observer (ZAMO) family of fiducial
observers with 4-velocity n orthogonal to the time coordinate hypersurfaces
n = N−1(∂t −Nφ∂φ) , (3.2)
where N = (−gtt)−1/2 = [∆Σ/Λ]1/2 and Nφ = gtφ/gφφ = −2aMr/Λ are the lapse
function and only nonvanishing component of the shift vector field respectively. The
ZAMOs are accelerated and locally nonrotating in the sense that their vorticity vector
vanishes; they have also a nonzero expansion tensor. A suitable orthonormal frame
adapted to the ZAMOs is given by
etˆ = n , erˆ =
1√
grr
∂r , eθˆ =
1√
gθθ
∂θ , eφˆ =
1√
gφφ
∂φ . (3.3)
When referring to them we also use the notation e0 = etˆ, erˆ = e1, eθˆ = e2 and eφˆ = e3.
Consider a family of uniformly rotating timelike circular orbits at a given fixed
radius on the equatorial plane with 4-velocity vector U . It can be parametrized
equivalently either by the constant angular velocity ζ with respect to infinity or by the
constant relative velocity ν with respect to the ZAMOs (defining the usual Lorentz
factor γ = (1 − ν2)−1/2) or by the constant ZAMO rapidity α as follows
U = Γ[∂t + ζ∂φ] = γ[n+ νeφˆ] = coshαn+ sinhα eφˆ , (3.4)
where Γ is a normalization factor such that UαU
α = −1 and hence
Γ =
[
N2 − gφφ(ζ +Nφ)2
]−1/2
= γ/N (3.5)
with
ζ = −Nφ + (N/√gφφ) ν , ν = √gφφ(ζ +Nφ)/N = tanhα . (3.6)
The Boyer-Lindquist coordinates in which the metric is commonly written are
adapted to the Killing symmetries of the spacetime itself and automatically select
the family of static or “threading” observers, i.e. those at rest with respect to the
coordinates, following the time coordinate lines. The angular velocity of the threading
observers is ζ(thd) = 0, whereas their relative velocity with respect to ZAMOs is
ν(thd) = −
2aM
r
√
∆
. (3.7)
ZAMOs are instead characterized by
ζ(zamo) =
2aM
r3 + a2r + 2a2M
, ν(zamo) = 0 . (3.8)
A family of spatially circular orbits with particular properties was found by Carter
[44]. Their tangent vector is given by
u(car) =
r2 + a2√
∆Σ
[
∂t +
a
r2 + a2
∂φ
]
, (3.9)
so that
ζ(car) =
a
r2 + a2
, ν(car) =
a
√
∆
r2 + a2
. (3.10)
The main property of these trajectories is to be the unique timelike world lines
belonging to the intersection of the Killing two-plane (t, φ) with the two-plane spanned
by the two independent principal null directions of the Kerr spacetime. Another
special property of these observers is that the components of a geodesic 4-velocity
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in a frame adapted to the Carter observers separate in their dependence on the r
and θ coordinates, allowing the exact integration of the geodesic equations of motion.
Furthermore, the electric and magnetic parts of the Weyl tensor as measured by them
are aligned.
Natural extrinsically special timelike circular orbits on the equatorial plane are the
co-rotating (+) and counter-rotating (−) geodesics (with respect to the hole rotation,
which is clockwise assuming a > 0) characterized by the following angular and linear
velocities
ζ(geo)± ≡ ζ± =
[
a± (M/r3)−1/2
]−1
, ν(geo)± ≡ ν± =
a2 ∓ 2a√Mr + r2√
∆(a± r
√
r/M)
, (3.11)
respectively. The corresponding timelike conditions |ν±| < 1 identify the allowed
regions r > r(geo)± for the radial coordinate where co/counter-rotating geodesics exist,
where the null circular orbits occur at
r(geo)± = 2M
{
1 + cos
[
2
3
arccos
(
± a
M
)]}
. (3.12)
Closely related to these are the “geodesic meeting point observers” defined
by their alternating successive intersection points [37, 38], with angular and linear
velocities given by
ζ(gmp) =
ζ+ + ζ−
2
= − aM
r3 − a2M , ν(gmp) =
ν+ + ν−
2
= − aM(3r
2 + a2)√
∆(r3 − a2M) , (3.13)
respectively. These observers enter the discussion of the general relativistic definition
of inertial forces, clock-effects, and holonomy invariance.
The main geometrical and kinematical features of accelerated orbits with special
geometrical properties are better discussed using the Frenet-Serret formalism [45, 46],
which reflects only the geometrical properties of spacetime and of the world line, being
defined in an invariant manner without reference to any particular coordinate system
or observer. For accelerated circular orbits in the equatorial plane the relevant Frenet-
Serret intrinsic quantities are the magnitude of the acceleration κ and the first torsion
τ1
κ = k0γ
2(ν − ν+)(ν − ν−) , τ1 = − 1
2γ2
dκ
dν
, (3.14)
with
k0 = −
√
∆(r3 − a2M)
r2(r3 + a2r + 2a2M)
, (3.15)
whereas the second torsion vanishes identically. Therefore, one can study how the
angular velocity (or linear velocity) affects κ and τ1, since they are both functions
of ν. Thus apart from the case of geodesics for which κ(geo)± = 0 and the Frenet-
Serret approach degenerates, the obvious intrinsically special orbits on the equatorial
plane of the Kerr spacetime correspond to τ1 = 0 or equivalently to dκ/dν = 0 and
are therefore called either “critically accelerated” or “extremely accelerated” orbits
[37, 38, 39, 40, 41, 45, 47, 48], since they extremize the curvature κ among the family
of circular orbits. In the equatorial plane of the Kerr spacetime there are two critically
accelerated linear velocities ν(crit)±, related to the geodesic velocities by
ν(crit)± =
γ−ν− ∓ γ+ν+
γ− ∓ γ+
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Figure 1. The behavior of the linear velocity as a function of the radial
coordinate corresponding to the various observers introduced in section 2 is shown
for the choice a/M = 0.5. Dashed vertical lines correspond to observer horizons.
= − 1
2Ma(3r2 + a2)
√
∆
[
− 2a2M(a2 − 3Mr) + r2(r2 + a2)(r − 3M)
± (r3 + a2r + 2a2M)√r
√
r(r − 3M)2 − 4a2M
]
. (3.16)
In the literature the name extremely accelerated observer is reserved for the U(crit)−
(i.e. U(ext) = U(crit)−) , because this 4-velocity is timelike far enough from the hole
where the counter- and co-rotating geodesics are both timelike, while the other one
is spacelike there. In fact, |ν(crit)−| < 1 in both regions r+ < r < r(geo)+ and
r > r(geo)− where |ν(crit)+| > 1, while |ν(crit)+| < 1 holds for the complementary
region r(geo)+ < r < r(geo)−. The extremely accelerated observers play a central role
in the discussion of general relativistic gravitomagnetic clock effects.
Fig. 1 shows the behavior of the linear velocity for the various observers
introduced above as a function of the radial coordinate.
4. Tidal indicators
Tidal forces are commonly associated with the Riemann tensor and more specifically
with its electric and magnetic parts with respect to a generic timelike congruence. Let
us denote by u the corresponding unit tangent vector. For instance, when one studies
the geodesic deviation among a set of test particles the role of an interaction force
field is played by E(u); if the particles are endowed with a spinning structure, the
deviation from geodesic behavior is instead due to H(u). So both of them are relevant
when considering tidal problems.
The simplest way to built up scalar quantities through the electric and magnetic
parts of the Riemann tensor which are representative of them and serve as “tidal
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indicators” in the study of tidal effects is to take the trace of their square. One can
then consider the following electric and magnetic tidal indicators
TE(u) = Tr[E(u)2] , TH(u) = Tr[H(u)2] . (4.1)
They are both related to the curvature tensor and to the particle/observer undergoing
tidal deformations. Other more involved tidal indicators have been discussed in Ref.
[25], which are but of interest only when using Fermi coordinate tidal potential.
Let u = n be the unit tangent vector to the ZAMO family of observer given by
Eq. (3.2) with adapted frame (3.3). The relevant nonvanishing frame components of
the electric and magnetic parts of the Riemann tensor are given by
E(n)11 =
M
r4
2a2Mr − 3a4 − 5r2a2 − 2r4
2a2M + r3 + a2r
,
E(n)22 = − M
r4
4a2Mr − 3a4 − 4r2a2 − r4
2a2M + r3 + a2r
,
H(n)12 = − 3aM
r4
(r2 + a2)
√
∆
2a2M + r3 + a2r
, (4.2)
with
E(n)11 + E(n)22 = −E(n)33 = −M
r3
; (4.3)
the tidal indicators (4.1) then turn out to be given by
TE(n) = 6M
2
r6
+ TH(n) ,
TH(n) = 18a
2M2
r8
(r2 + a2)2∆
(2a2M + r3 + a2r)2
. (4.4)
Let now U be tangent to a uniformly rotating timelike circular orbit on the
equatorial plane of the Kerr spacetime, as given by Eq. (3.4). From the general
transformation laws (2.9) derived in section 2 we find
Tr[E(U)2] = [E(U)00]
2 − 2E(U)0bE(U)0b + E(U)abE(U)ab
= 2γ4
{
([E(n)11]
2 + [E(n)22]
2 + E(n)11E(n)22)(ν
4 + 1)
−2H(n)12(E(n)11 − E(n)22)ν(ν2 + 1)
−ν2([E(n)11]2 + [E(n)22]2 + 4E(n)11E(n)22 − 4[H(n)12]2)
}
, (4.5)
and analogously for Tr[H(U)2]. Eq. (4.5) can also be written in a more compact form
as
Tr[E(U)2] = γ4
[
Tr[E(n)2](ν4 + 1)− 4ν(ν2 + 1)Tr[H(n)E(n)Vˆ ]
+ν2(−Tr[E(n)2] + 3Tr[(Vˆ E(n))2] + 4Tr[H(n)2])
]
, (4.6)
where the antisymmetric matrix Vˆ has the only nonvanishing components Vˆ12 = 1 =
−Vˆ21.
A convenient way to express the tidal indicators (4.1) showing their relative-
observer properties is then the following
TE(U) = 6M
2
r6
γ4(car)γ
4(ν2(car) − ν(car) + 1)(ν2(car) + ν(car) + 1)
×
(
ν2 − 2ν
ν(rel)−
+ 1
)(
ν2 +
2ν
ν(rel)+
+ 1
)
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= TE(n)γ4
(
ν2 +
2ν
ν(rel)−
+ 1
)(
ν2 − 2ν
ν(rel)+
+ 1
)
,
TH(U) = 18M
2
r6
γ4(car)ν
2
(car)γ
4(ν − ν(car))2(ν − ν¯(car))2
= TH(n)γ4(ν − ν(car))2(ν − ν¯(car))2 , (4.7)
where
ν(rel)± = 2
ν2(car) ∓ ν(car) + 1
ν2(car) ∓ 4ν(car) + 1
(4.8)
and we have used the notation ν¯(car) = 1/ν(car) (see Appendix A for an equivalent
parametrization in terms of the rapidity.) As functions of ν(car), both ν(rel)± are such
that |ν(rel)±| > 1. Note that the following relation holds
TE(U)− TH(U) = 6M
2
r6
. (4.9)
This invariance property has a simple explanation, since it is proportional to the
Kretschmann invariant of the spacetime (evaluated on the equatorial plane)
K = CαβγδC
αβγδ
∣∣
θ=pi/2
=
48M2
r6
. (4.10)
Eqs. (4.7) and (4.9) imply that TH(U) vanishes for ν = ν(car), and correspondingly
TE(U) takes its minimum value. In fact,
dTE(U)
dν
=
36M2
r6
γ4(car)ν(car)γ
6(ν−ν(car))(ν−ν¯(car))[(ν2+1)(ν2(car)+1)−4νν(car)] .(4.11)
The behaviors of the tidal indicators as functions of ν are shown in Fig. 2.
Interestingly the right hand side of Eq. (4.9) does not depend on the black hole
rotation parameter a, implying that the difference between the two tidal indicators
remains the same also in the Schwarzschild limit (a = 0), where
T (schw)E (U) =
6M2
r6
γ4(1 + ν2 + ν4) , T (schw)H (U) =
18M2
r6
γ4ν2 . (4.12)
Fundamental in order to understand the dependence of TE(U) and TH(U) on the
choice of the observer within the above specified class of observers is therefore the
ν-dependent factor which multiplies the corresponding ZAMO quantities TE(n) and
TH(n) in Eqs. (4.7). It is evident that TH(U) can be made vanishing (by selecting
ν = ν(car), a fact that gives Carter’s observers a new characteristic property), whereas
TE(U) is always different from zero for every choice of ν ∈ (−1, 1), i.e., whoever
is the observer measuring it. This seems to be due to the very special nature of
the Kerr solution, whose quadrupole moment is associated entirely with the angular
momentum [49]. We expect that the effect of a nonzero mass quadrupole moment
would significantly change the present results. This further investigation will be
considered in a future work.
Obviously our choice of ZAMOs as fiducial observers is just a possible choice and
does not give a particular form to Eqs. (4.7). In fact, the latter equations when referred
to another observer family, say u1, assume exactly the same form with n replaced by
u1 and with the corresponding velocities transformed properly. For instance,
TH(U) = TH(u1)γ(U, u1)4[ν(U, u1)− ν(u(car), u1)]2[ν(U, u1)− ν¯(u(car), u1)]2 , (4.13)
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where
ν(U, u1) =
ν(U, n)− ν(u1, n)
1− ν(U, n)ν(u1, n) ≡
ν − ν1
1− νν1 ,
ν(u(car), u1) =
ν(u(car), n)− ν(u1, n)
1− ν(u(car), n)ν(u1, n)
≡ ν(car) − ν1
1− ν(car)ν1
. (4.14)
We list below the expression for TH(U) corresponding to the different families of
observers introduced in the previous section:
TH(n) = 18a
2M2
r8
(r2 + a2)2∆
(r3 + a2r + 2a2M)2
,
TH(u(thd)) =
18a2M2
r8
∆
(r − 2M)2 ,
TH(u(car)) = 0 ,
TH(u(geo)±) =
18M2
r7
∆
[√
M(r2 − 3Mr + 2a2)∓ a√r(r −M)
]2
(9M2r − 4a2M − 6Mr2 + r3)2 ,
TH(u(gmp)) =
18a2M2
r4
∆(r +M)2
(r4 − 2r3M − 2a2Mr −M2a2)2 ,
TH(u(crit)−) =
18a2M2
r7
∆
9M2r − 4a2M − 6Mr2 + r3 . (4.15)
All the magnetic-type tidal indicator vanish at the horizon (where ∆ = 0) and in the
limit r → ∞ (i.e., far enough from the source). Their behaviors as functions of the
radial coordinate are shown in Fig. 3.
In the weak field limit M/r ≪ 1 the above expressions have the following
asymptotic forms (up to the order (M/r)10)
TH(n) ≃ 18a
2M2
r8
(
1− 2M
r
)
,
TH(u(thd)) ≃
18a2M2
r8
(
1 +
2M
r
)
,
TH(u(geo)±) ≃
18M3
r7
{
1 +
M
r
(
4 +
a2
M2
)
+
M2
r2
(
15 + 13
a2
M2
)
∓
[
2
a
M
√
M
r
+ 12
a
M
(
M
r
)3/2
+ 2
a
M
(
29 + 3
a2
M2
)(
M
r
)5/2]}
,
TH(u(gmp)) ≃ TH(u(crit)−) ≃
18a2M2
r8
(
1 +
4M
r
)
. (4.16)
4.1. Observer carrying a spin and measuring curvature
Consider now a spinning test particle moving along a circular orbit in the equatorial
plane of a Kerr spacetime. According to the Mathisson-Papapetrou model [26, 27]
supplemented by Dixon conditions (see, e.g., Ref. [50] and references therein) such a
motion is compatible with an angular velocity that is spin-dependent, the spin vector
S = −seθˆ being constant and orthogonal to the motion plane. The corresponding
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(a) (b)
Figure 2. The behaviors of the tidal indicators TE(U) and TH(U) as functions
of ν are shown in panels (a) and (b) respectively for the choice a/M = 0.5 and
different values of the radial coordinate r/M = [2, 2.5, 3, 4, 5, 6]. Dots in (a) show
the minimum of each curve. For increasing values of r the curves open shrinking
to the horizontal axis. Units on the vertical axis are chosen so that M = 1.
linear velocity is given by
ν = ν(geo)± + sˆν˜ ,
ν˜ = − 3
2
M2
r
√
∆
(r3 + a2r + 2a2M)(r3 + a2M + 2a2r)
(r3 − a2M)2
×
[
1∓ a√
Mr
r3 + a2M + 2Mr2
r3 + a2M + 2a2r
]
, (4.17)
where sˆ ≡ s/(mM) ≪ 1 is the spin parameter such that the length scale s/m
associated with the spinning body be much smaller than the natural length scale
M of the background gravitational field in order to avoid backreaction effects.
Substituting Eq. (4.17) in Eq. (4.7) and retaining terms up to first order in sˆ
gives
TH(u) ≃ TH(u(geo)±)
[
1 + 2sˆν˜
(
1
1 + ν±
+
1
1− ν± +
1
ν± − ν(car)
+
1
ν± − ν¯(car)
)]
= TH(u(geo)±)
{
1 + sˆ
[
12a
M2
r2
∆
9M2r − 4a2M − 6Mr2 + r3
∓3
(
M
r
)3/2
(r −M)(r2 − 3Mr + 2a2)
9M2r − 4a2M − 6Mr2 + r3
]}
. (4.18)
Fig. 4 shows the behavior of TE(u) as a function of the radial coordinate. If the
structure of the body is taken into account TE(u) can be made vanishing.
5. Concluding remarks
We have discussed the observer-dependent character of tidal effects associated with the
electric and magnetic parts of the Riemann tensor with respect to an arbitrary family
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(a) (b)
(c) (d)
Figure 3. The behaviors of the tidal indicators TE(U) and TH (U) as measured
by different observers are shown as functions of the radial coordinate for the choice
a/M = 0.5. Units on the vertical axis are chosen so that M = 1.
of observers in a generic spacetime. Our considerations have then be specialized to
the Kerr spacetime and to the family of stationary circularly rotating observers on the
equatorial plane. This family includes observers which have special properties: static,
ZAMO, geodesic, geodesic meeting point, extremely accelerated, etc., and for each
of them we have evaluated certain tidal indicators built up through the electric and
magnetic parts of the Riemann tensor. We have also considered the transformation
laws of such tidal indicators when passing from one observer to another. Our analysis
has shown in particular that no equatorial plane circularly rotating observer in the
Kerr spacetime can measure a vanishing electric tidal indicator, whereas it is the
family of Carter’s observers that measures a zero magnetic one.
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Figure 4. The behavior TE(U) is shown as a function of the radial coordinate
in the case of a spinning particle with sˆ = ±0.1 for the choice a/M = 0.5. Units
on the vertical axis are chosen so that M = 1.
Appendix A. Rapidity parametrization of tidal indicators
The expression for the tidal indicator TE(U) given by Eq. (4.7) can be cast in a more
compact form if one introduces the rapidity parameter α instead of ν, according to
the relations
ν = tanhα , γ = coshα , γν = sinhα . (A.1)
In fact, a quantity of the form
F(ν, ν∗) = γ2
(
ν2 +
2ν
ν∗
+ 1
)
(A.2)
where ν∗ is a generic parameter, can be equivalently written as
F(α, ν∗) = sinh2 α+ 2
ν∗
sinhα coshα+ cosh2 α
= cosh 2α+
1
ν∗
sinh 2α . (A.3)
Next, denoting by
1
ν∗
= tanh 2β∗ , (A.4)
Eq. (A.3) becomes
F(α, ν∗) = cosh 2α+ tanh 2β∗ sinh 2α = cosh 2(α+ β∗)
cosh 2β∗
. (A.5)
Therefore, for instance, from the first of Eqs. (4.7) we have
TE(U) = TE(n)F(ν, ν(rel)−)F(ν,−ν(rel)+)
= TE(n)
cosh[2(α+ β(rel)−)] cosh[2(α− β(rel)+)]
cosh[2β(rel)−] cosh[2β(rel)−]
= TE(n)cosh [4 (α− σ+)] + cosh (4σ−)
cosh(4σ−) + cosh 4σ+
, (A.6)
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where
σ± =
β(rel)+ ± β(rel)−
2
. (A.7)
Introducing the rapidity parametrization in the expression (4.8) for ν(rel)± leads to
1
ν(rel)±
≡ tanh(2β(rel)±) = tanh 2(α˜∓ α(car)) , (A.8)
where
ν(car) = tanhα(car) ,
1
2
= tanh 2α˜ , (A.9)
so that α˜ = 14 ln 3 and
α˜∓ α(car) = β(rel)± , (A.10)
whence
σ+ = α˜ , σ− = −α(car) . (A.11)
Furthermore, it follows that
dTE(U)
dα
∝ sinh (4 (α− σ+)) , (A.12)
and σ+ is the value of α that extremizes TE(U), corresponding to a physical observer
or a timelike curve only in the case tanhσ+ < 1, a fact that in this case, with the
corresponding form of σ+, never happens.
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